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1. (10 pts) Calculate the energy in Joules required to excite an electron in the hydrogen 
atom from the n=2 to n=4 state, given that the Rydberg constant converted to Joule units 
is ≈ 2.18 ∙ 10()*𝐽. 
 
 
2. (10 pts) Show that the Gaussian stationary state Ψ(𝑥)~𝑒(2345/7ℏ of the vibrating 
molecule that we derived in lecture really is the lowest energy state, or ‘ground state’: the 
Heisenberg principle forbids the wavefunction from having a smaller Dx and ‘squeezing 
down further’ in energy.  

[Hint: The lowering operator is 𝑎: = 	 =23
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>
?
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3. (15 pts) If 𝑌7,(7~𝑠𝑖𝑛7𝜃𝑒(7AK and 𝑌7,L7~𝑠𝑖𝑛7𝜃𝑒L7AK  are degenerate eigenfunctions of 
the Hamiltonian 𝐻NOPQ with eigenvalue 𝐸7,±7 = 6ℏ7/(2𝑚𝑅7),  
 
a) Write down the real function  𝑑4X(𝜃, 𝜑)~𝑖(𝑌7,L7 − 𝑌7,(7), and prove that it is also an 
eigenfunction of 𝐻NOPQ.  
 
b) Plot a polar plot of 𝑑4X(𝜃, 𝜑) in the x-y plane (θ = π/2, plot as function of j). Cross-
hatch the negative lobes of the function. 
 
c) Given the trigonometric identity 𝑠𝑖𝑛2𝜑~𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜑, and knowing that 𝑥 = 𝑐𝑜𝑠𝜑 and 
𝑦 = 𝑠𝑖𝑛𝜑 if r=1, why do you think this function is called 𝑑4X? 
 

 

4. (25 pts) The technique of finding the eigenvalues and eigenvectors of the Hamiltonian 
in matrix form is called “diagonalization”. You will diagonalize the Hamiltonian matrix  

H = _ 3 √5/2
√5/2 			1 c 

The starting point is the equation H	𝐯 = E 𝐯  or  (H− IE) · 𝐯 = 0, where H	 is your non-
diagonal Hamiltonian matrix, I is the identity matrix, E	is one of the eigenvalues, and v is 
one of the eigenvectors. In order to obtain a non-trivial solution, we need the condition 
det ‖H − I𝐸‖ = 0.  

a. Multiply out the determinant of the matrix H − 	I𝐸, to get a quadratic equation for the 
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two eigenvalues E. Solve for E. This gives you the 2 eigenvalues of the 2x2 matrix.   

b. Plug one of these eigenvalues into the equation (H− IE) · 𝐯 = 0, writing the vector v 
as a column vector =

𝑐)
𝑐7>. 

c. Solve for 𝑐) in terms of 𝑐7 or vice versa, so you know your eigenvector within a 
constant factor.   

d. Normalize the eigenvector. Remember that 𝐯h ∙ 𝐯 = c, then divide by √c to normalize, 
just like for wavefunctions.   

e. Check that your eigenvector satisfies H𝐯 = E𝐯. If the basis set used to calculate the 

Hamiltonian matrix was 𝜑) = j)
k
𝑠𝑖𝑛𝜙 and 𝜑7 = j)

k
𝑐𝑜𝑠𝜙, what is the wavefunction 

𝜓(𝜙) that corresponds to your eigenvector v? 

 
5. (10 pts) In lecture, Gruebele started with 𝐴o𝜓(𝑥) = 𝜒(𝑥), expanded in a complete basis 
𝜓(𝑥) = ∑𝑐r𝜑r(𝑥) and 𝜒(𝑥) = ∑𝑐rs 𝜑r(𝑥), and showed that this is equivalent to Av=u 
or ∑𝐴2r𝑐r =𝑐2s  for vectors, where A is a matrix with elements 𝐴2r  = 
∫ 𝑑𝑥𝜑2∗ (𝑥)	𝐴o𝜑r(𝑥). 
 
Now do the same derivation in bracket notation. Start with 𝐴o|𝜓 >= |𝜒 >, expand the 
kets in a basis |n>, and prove again that ∑𝐴2r𝑐r = 𝑐2s , this time with 𝐴2r =< 𝑚|𝐴o|𝑛 > 
 


