Notes Q - Quantum mechanics - making and probing atoms and
molecules
Chapter 1. Postulates of quantum mechanics
1. Why go ‘quantum’
Classical mechanics tells us that the total energy E of a system with particles labeled
“i”=1,2,3… is given by (using just x coordinates for simplicity)
!
𝐸 = ∑ "# 𝑝$" + V(x$ ),
!

where the first part is kinetic energy (also often written as mv2/2 since momentum p=mv
in terms of velocity), and the second part is the potential energy. Systems tend to move
towards lower potential energy, and classical mechanics defines a driving force F=∂V/∂x. When the potential energy V between two particles increases as the distance x
between particles increases, there is a negative force pushing the particles together.
Newton postulated that this force drives particles according to F=m∂2x/∂t2=m∂v/∂t=ma,
the second order differential equation that tells us how a particle moves. For example,
if -∂V/∂x = F = 0 (potential energy is constant, no force applied) then ∂v/∂t=0 and
v=constant, meaning the particle’s velocity stays whatever it was, without increasing
or decreasing. We call that a ‘free particle.’

Figure: Distance r between a sodium + ion and a chloride - ion. The potential energy increases as x
increases, so Na+ and Cl- attract one another, causing an NaCl molecule to form, which can condense
into a crystal of salt at low enough temperature.

Well, you all know that Newton was not quite right. Einstein showed in 1905 that
F≠ma when particles move close to the speed of light: at some point, no matter what
force you apply, the particle just won’t speed up anymore! Einstein then corrected
himself in 1912 with general relativity, when he realized that space is not even
Euclidean (like a cubic box), but distorts whenever there is a mass ‘m’ sitting
somewhere. Still, aircraft engineers all over the world successfully make planes fly by
just solving Newton’s equations, not by doing relativity theory.

Figure: Potential energy between two Ar atoms as a function of distance r. Where the potential decreases
F=-∂V/∂x<0 and the so-called van der Waals force pushes the atoms together. At short distances,
∂V/∂x<0, so F>0 and the atoms are pushed apart. That force is not caused by Coulomb repulsion (Ar
atoms are neutral) but by the Pauli Exclusion Principle: electrons just can’t occupy the same space and
have the same spin in the two Ar atoms.
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Around the same time, Gilbert Newton Lewis (what a fitting name!) made an equally
important discovery as Einstein: chemical bonds are pairs of electrons localized
between atoms. Lewis did not know it, but he basically predicted the existence of
electron spin and the Pauli Exclusion Principle - the idea that electrons can never have
the same value of spin and be in contact with one another, so once two electrons are
paired up spin up/spin down, the third electron has to go somewhere else - a different
bond. This was really the birth of quantum mechanics in Chemistry. By the way, Lewis
also invented the ‘photon’ and had been nominated for the Chemistry Nobel Prize 41
times when he died in his lab before he got it. I think he deserved the award as much
as Einstein because his bonding model really put chemistry on a systematic track.
Classical physics had no way of explaining why electrons pair up: in classical
mechanics, I can put as many particles as I want in contact with one another if I apply
enough force, so there’s no reason a chemical bond could not in principle have 17
electrons in it!
Exercise: Think Like Lewis. Lewis knew that a hydrogen atom has one electron, and
two H-atoms could make a hydrogen molecule. He also knew that ammonia contained
three hydrogen atoms, nitrogen has 5 easily ionizable electrons (called valence
electrons) and can form a stable ammonium ion NH4+. Could he justify electron pair
bonds with that data?
The Physicists were not idle during the same time. Following work by Bohr,
Einstein and Sommerfeld , Werner Heisenberg developed a new ‘quantum mechanics,’
designed to explain things like electron pair bonds through differential equations that
would replace ‘F=ma.’ The key realization of that new mechanics is that particles share
a key feature with music: the Conjugate Principle.

Figure: A flute tone is long in time, and we can measure the spacing between peaks (the period), whose
inverse gives us a well-defined frequency. A drum tone is short in time, and contains many frequencies
(a broad spectrum), so it does not have a clear pitch.

In Nature, there are two kinds of variables: those that are truly independent of one
another, and those that are ‘conjugate,’ so that one cannot just be chosen independently
of one another. A couple of examples:
• Classical physicists believed that x and p=mv are independent variables. A particle
could have any position and any velocity, and both were needed to specify the ‘state’
of the particle.
• In music, note duration and pitch (frequency) are not independent: if I make a note
very short (Dt is small), its frequency becomes undefined (Dn becomes very large);
if the note is very long (Dt is large), it can have a very well-defined pitch (Dn can be
very small). Think of hitting a snare drum vs. holding down a key on the piano. Note
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duration Dt and definiteness of frequency Dn are not independent. Fourier showed
around 1780 that Dt Dn = constant = 1/4p. The shorter a note, the wider the range of
frequencies in it.
Exercise: Sound analyzer Go to https://www.compadre.org/osp/pwa/soundanalyzer/
and whistle a pure tone for a few seconds. What does the sound wave look like at the
bottom? What does the sound spectrum look like at the top? Now knock the table with
your fist. What does the sound wave look like at the bottom? What does the sound
spectrum look like at the top?

Screenshot of the spectrum analyzer, showing the spectrum (also known as Fourier transform square)
and the sound waveform (a whistle) below.

Homework problem Q1.1: Try out the spectrum analyzer yourself - make an
interesting sound, take a screenshot of the result, and submit the screenshot and one
sentence about why you think the soundwave and its spectrum look the way they do.
Here’s what Heisenberg realized in 1925: position and momentum (or velocity) are
actually NOT independent variables, as Newton thought. They were conjugate
variables, just like pitch and duration of a note. Heisenberg wrote Dx.Dp = constant =
h/4p. Why had people not noticed this until the 1900s?! They thought that Dx.Dp = 0,
i.e. x and p are independent variables that can be specified with infinite accuracy. The
reason is that in music, the ‘conjugation constant’ on the right side of the
complementarity equation is 1; in mechanics, it is h=6.62.10-34 J.s. This is a really tiny
number, and Newton did not have instruments that could measure such a small
spreading of x or p. So no wonder he thought x and p are independent variables that
each can be measured exactly. Unfortunately for us chemists (or ‘yay’ if you are a
physical chemist!) electrons and molecules are really small, so all of a sudden h is not
such a tiny number any more. Electrons are not baseballs.
2. The postulates of quantum mechanics needed in Chemistry:
Important definitions:
A Hamiltonian is the total energy of a system. For example, the classical Hamiltonian
is just the total energy E given above.
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Conjugate variables a and b are related by a Fourier relationship b→(c/2pi)∂/∂a, and
vice-versa (-c/2pi)∂/∂b→ 𝑎, proved by Joseph Fourier proved around 1780, where “c”
is the “conjugation constant.” Note that a small change in a (denominator in the
derivative) causes a large change in b, and vice-versa. One can use this to derive (and
you will do it later on some homework) that as a consequence, Da Db = c/4p, the Fourier
principle, sometimes mistakenly called in English “uncertainty principle.”
An operator 𝐴-(a,b,…) represents an observable constructed from any independent or
conjugate variables. For example, the operator for position is just x; the operator for
$ &
frequency 𝜈, being conjugate to time t with c=1, is 𝜈̂ = "% &'.
A wavefunction Ψ(𝑥, 𝑡, … ) describes the amplitude of a wave as a function of
position, time, and any other variables needed. An example is the waveform of a
musical tone in the figure above.
Exercise: Let’s see what this operator business does with an example. I have a musical
note Ψ(𝑡) = sin(2𝜋𝜈𝑡), what happens if I apply the ‘frequency operator’ 𝜈̂ to this
function. What about 𝜈̂ " ? How about the function Ψ(𝑡) = exp(𝑖2𝜋𝜈𝑡)?
$ &

A: 𝜈̂ Ψ = "% &' sin(2𝜋𝜈𝑡) = 𝑖𝜈𝑐𝑜𝑠(2𝜋𝜈𝑡); to get 𝜈̂ " Ψ, we just apply the operator 𝜈̂ a
second time, and get 𝜈 " 𝑠𝑖𝑛(2𝜋𝜈𝑡) because ∂cos(at)/∂t=-asin(at) and i.i=-1. Thus,
𝜈̂ " Ψ = 𝜈 " Ψ.
So the ‘frequency squared’ operator applied to the musical note of frequency 𝜈 gives
us back the same musical note and the frequency squared! We say that the musical note
Ψ(𝑡) = sin(2𝜋𝜈𝑡) is an ‘eigenfunction’ of the operator 𝜈̂ " , and that the square of the
frequency 𝜈 " is the ‘eigenvalue’ of the operator 𝜈̂ " . This is useful because it extracts
the value of the frequency out of the function Ψ. Similarly, Ψ(𝑡) = exp(𝑖2𝜋𝜈𝑡) is an
eigenfunction of 𝜈̂ " , and of 𝜈̂ " as well. If an operator does not yield back a multiple of
the same function, then the function is not an eigenfunction of that operator.
Homework problem Q1.2: Apply the ‘frequency squared’ operator to the function
y=sin(2𝜋5t)-cos(2𝜋7t). Is y an eigenfunction of this operator? Why or why not?
The goal of quantum mechanics:
- Given a system of many particles, e.g. electrons, with wavefunction Ψ i (x,t,s),
- find the probability P of where the particles are, so one can calculate the average
of any experimentally observable quantity A as 𝐴̅(𝑡) =∫dxP(x,t)𝐴-(x)
The four main postulates of quantum mechanics are:
Postulate I: Conjugate variables
In quantum mechanics, momentum p is a conjugate variable of position x, and energy
E is a conjugate variable of time t, with conjugation constant h. (We also often use
ℏ ≡h/2p to save writing out factors of 2p).
Postulate II: Equation of motion
F Ψ = 𝑖ℏ & Ψ, where Ψ is a
Newton’s law F=ma is replaced by the quantum law 𝐻
&'
function that describes the state (position and spin) of a particle as a function of time.
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Postulate III: Meaning of the wavefunction
The magnitude-squared of the wavefunction Ψ gives the probability of finding a
particle at x at time t: P(x,t) =Ψ ∗ (x,t) Ψ(x,t) = | Ψ(x,t)|2. The average of any observable
A is given by 𝐴̅(𝑡) =∫dxΨ ∗ (x,t)𝐴- (x)Ψ(x,t). Note this looks like the usual classical
probability formula, but the ‘P’ has been split into its two halves in front of and behind
the ‘operator.’
Postulate IV: Spin and Pauli exclusion
Charged particles have weak magnetic fields that would classically be attributed to
them spinning = angular momentum of the particle. All elementary particles have spin
angular momentum ℏs in multiples of ℏ/2. When s=1/2, 3/2…, the wavefunction under
permutation of two particles “1” and “2” obeys Ψ(x1,x2) = -Ψ(x2,x1) . When s=0, 1, 2…
the wavefunction under permutation of two particles “1” and “2” obeys Ψ(x1,x2) =
+Ψ(x2,x1).
These four laws of nature are the complete set needed to derive all chemical
properties of molecules and their reactions. We can use the postulates to prove the
Woodward-Hoffman rules, or that there can’t be three electrons in an orbital (only 2),
or that benzene must be transparent, not colored. In this class, we’re not going to ‘prove
everything’ (we’ve got 5 weeks or so for quantum mechanics, not 5 years), but we will
prove examples here and there, so you can see how deductive thinking works: observe
some facts, come up with a basic equation that you think might explain these facts (like
the three Postulates above), then see if the equations actually work, or need to be
tossed/improved in some way. This is in contrast to inductive thinking, such as for
instance running machine learning on face recognition by synthesizing all raw data into
a neural network, but without a ‘face-ness equation.’ Both play valuable roles in science
and engineering, and things tend to get out of hand if one insists on doing only one or
the other!
Let’s start with some simple consequences of the postulates before we study the
most important consequence of quantum mechanics (for us) in the next chapter: energy
levels are everywhere!
Exercise: Where is the electron? Let’s say an electron is zipping around a benzene ring,
and at the position of the carbon atom at the top, it has a wavefunction like the ‘musical
tone’ in the Figure on page 2:

Figure: Let’s say an electron is circulating around a benzene ring (they do!), so at the position xC of the
topmost carbon atom, it’s wavefunction as a function of time is given by Ψ(xC,t) as shown above - like
the musical tone on page 2. According to Postulate 3, the probability is given by the square of the
wavefunction, so it looks like the bumpy function on the right.
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Using Postulate III we can get the answer in the Figure above. Quantum mechanics
here makes a prediction that is similar to classical mechanics: as the electron whizzes
around the aromatic ring, it passes the carbon atom at the top every fraction of a
femtosecond (our time axis here is a bit faster than in music!); the probability is high.
When the electron is at the bottom of the ring half-way through its cycle, then the
probability is close to zero. As we’ll see later, QM also makes a lot of predictions that
are very different from classical mechanics!
Exercise: Can two electrons “1” and “2” with identical spins be near each other?
A: Two electrons “1” and “2” have a wavefunction Ψ(x1,x2), where x1 is the position
of electron #1, and x2 is the position of electron #2. If they come near each other, then
x1 ≈ x2. But according to Postulate IV, Ψ(x1,x2) = -Ψ(x2,x1) and if x1 = x2, then it
follows Ψ(x1,x1) = -Ψ(x1,x1). This can only be true if Ψ =0. Therefore as two electrons
get close to one another, the probability P=| 𝛹 |2 goes to zero! This is known as the
Pauli Exclusion Principle.
The Pauli Exclusion Principle is the real reason the world is ‘solid.’ Even though atoms
are mostly empty space, you can’t stick your hand through a table because it puts a lot
of electrons (≈1023 in your fingertips) near a lot of other electrons, and the probability
of that event is near 0 according to Postulate III.
We talked a little bit about Postulates III and IV. Now let’s talk about Postulates I and
II. Postulate II says that instead of using F to calculate a to see where particles are, we
F to calculate 𝛹, which tells us where a particle most likely is. Let’s
use the operator 𝐻
see if this equation makes common sense. In classical mechanics, x and p are
F is just the energy,
independent variables, so 𝐻
F)*+,,$)+* = 𝐸 = ! 𝑝" + V(x)
𝐻
"#
like we saw before. But according to Postulate I, in quantum mechanics, p is not
ℏ &
independent of x, but a conjugate variable given by 𝑝̂ = $ &.. And E is a conjugate
&

variable of t, so 𝑖ℏ &' is the conjugate form of writing the energy E. Looking at the
quantum law in Postulate II,
F Ψ = 𝑖ℏ & Ψ,
𝐻
&'
by using 𝑝̂ " =

ℏ &

ℏ &

&"

.
= −ℏ" &. " can therefore also be written as
$ &. $ &.
/ℏ" & "

N "# &. " + V(𝑥)O Ψ = 𝐸 Ψ.
The above equation is the Schrödinger equation, and we abbreviated ℏ = ℎ/2𝜋. So
really, the Schrödinger equation is just telling us that “the total energy (=kinetic +
potential) operator times the wavefunction equals the total energy times the
wavefunction.” This is a second order differential equation just like Newton’s law
(remember, a=∂2x/∂t2, so F(x)=m∂2x/∂t2). It is also an eigenvalue equation, with Ψ
F=
being the ‘eigenfunction’, and E being the ‘eigenvalue’ of the energy operator 𝐻
01"

"#

+ 𝑉(𝑥).
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Homework problem Q1.3: One of the weird things in quantum mechanics is that the
order of things makes a difference even though it does not in classical mechanics.
Consider for example the product xp. Classically, this is the same as px. But in quantum,
2 &
the order in which you do things matters! Using 𝑥S = 𝑥 and 𝑝̂ = "%$ &., the conjugate
coordinate and momentum, show that 𝑥S𝑝 ≠ 𝑝𝑥S, and give the value of the difference
𝑥S𝑝 − 𝑝𝑥S. What if we had calculated 𝑥S𝑦S and 𝑦S𝑥S, where x and y are just two different
coordinates?
Now we have all the ingredients we need to calculate properties of molecules using
the basic laws of nature. Note that as always, there are “higher level theories” above
quantum mechanics, just like quantum mechanics is a step above classical mechanics
in generality and accuracy. Scientists always do new experiments, and when they don’t
match the data, we need better theories! What that means is that the postulates I to IV
above could be replaced by fewer and/or more accurate postulates.
The next level up theory from quantum mechanics is ‘quantum electrodynamics’,
and the next level up from that is what physicists call ‘The Standard Model’, a ‘quantum
field theory.’ The next level above is not yet known, although it has already been given
a name: GUT, for “Grand Unified Theory,” as it would combine quantum field theory
and general relativity into a single overall theory. Stay tuned! For almost all chemical
properties, good old quantum mechanics is a good enough approximation though.
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Chapter 2. A vibrating molecule
In a dedicated quantum course, people will just solve the Schrödinger equation over
and over again: for a hydrogen atom; for an electron in a quantum dot; for a vibrating
molecule; for a chemical reaction with a barrier; for a transition metal complex; for a
conjugated organic molecule; and so on. While that’s useful, when you’ve seen the
Schrödinger equation once, you’ve seen ‘em all. So what we will do, is go through one
example very carefully. I’ll pick an example that highlights all the weird features that
distinguish quantum mechanics from classical mechanics. The most important in
chemistry is “quantum mechanics has energy levels; classical mechanics does not.”
Let us consider the following science question: “Can one determine the force
constant of a chemical bond just by using light and not touching the molecule?” Why
would we want to know the force constant? Well, bigger force constant means stronger
bond, and bond strength is something important in Chemistry. For example, if we want
to know if a reaction is going to take up energy, or release energy, like the burning of
a fuel ‘HCOH’ with O2 to make CO2 and H2O. Note that renewable energy sources,
like cellulose are already partly oxygenated, whereas fossil fuels much less so (hence
HCOH for a carbohydrate instead of HCH for a hydrocarbon).
So why not touch the molecule? Well, it’s hard. If I want to measure the force
constant of a spring, I can just grab it and stretch it. The force will be (if I don’t stretch
too much)
F(x)=-kx,
and because force is the derivative of potential energy F=-∂V/∂x,
!
𝑉(𝑥) = " 𝑘𝑥 " .
Unfortunately, molecules are tiny. So we can’t grab them, at least not easily. There are
so-called ‘AFM’ = Atomic Force Microscopy experiments that one can do, but they are
very limited in what bonds they can pull on. Molecular size is determined by Postulate
I: x and p are conjugate variables, and thus Dx Dp = ℏ /2. Let’s see what the ballpark
size of molecules has to be if Postulate I holds true.
As electrons move around in a molecule, they continually trade off kinetic energy
and potential energy, while total energy remains constant. For an electron attracted to
a nucleus, the potential energy is given by the Coulomb potential
34 " !

V(𝑥) = 5%6

#

.

The range of kinetic energy and potential energy will be comparable on average, and
roughly equal to half the total energy each, as x and p go through their ranges Dx and
Dp. Thus,
34 " !

∆𝑉 = 5%6

#

∆.

∆0"

≈ ∆𝐾 = "# ≈ 𝐸/2
$

Substituting Dp== ℏ/2∆𝑥 from Postulate I, we can solve for ∆𝑥:
%6 ℏ"

∆𝑥 ≈ "3##

$4

"

.

To be concrete, let’s say the nucleus is a proton with Z=1; plugging in the various
fundamental constants in this equation gives ∆𝑥 ≈ 6.6.10-12 meters, or ≈0.06 Å. Try
grabbing that!
So, quantum mechanics says atoms and molecules will be small. (The exact answer
for the hydrogen atom is 0.529 Å, larger than our ballpark estimate of 0.06 Å, but still
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tiny.). We need a different way of telling how big a force constant a chemical bond has.
First, let’s see what the Schrödinger equation for a vibrating molecule tells us.

Figure: Potential energy of a vibrating HCl molecule. Hydrogen has a mass m=1 Dalton (≈1.66.10-27
kg), the chlorine is about 35 times heavier. When the bond is compressed below the equilibrium value,
or expanded above the equilibrium value, the potential energy increases. At equilibrium, the bond
distance r=re, and we’ll define x=r-re so xe=0 when the bond is neither stretched nor compressed.

The figure shows the potential energy V(x)=(1/2)kx2 as the bond is compressed or
stretched. Inserting that into the Schrödinger equation from Chapter 1, we get
/ℏ" & "

!

N "# &. " + " 𝑘𝑥 " O Ψ8 = 𝐸8 Ψ8 .
Note that we labeled the wavefunctions and energies “n” just in case there is more than
one solution to this equation. To solve it, note that taking the second derivative of the
function Ψ8 (kinetic energy term) must cancel out the 𝑥 " Ψ8 from the potential energy
term so that you just get Ψ8 back on the right hand side. A function that can do that is
"
the Gaussian 𝑦 = 𝑒 /. , since ∂/∂x( 𝑦) =-2xy, and taking the derivative again
∂/∂x(−2𝑥𝑦) = −2𝑦 + 4𝑥 " 𝑦. That has a piece that looks like y, and a piece that looks
like 𝑥 " 𝑦 to cancel out the 𝑥 " term in the potential energy. So, let’s plug a guess of Ψ9 =
"
𝐶𝑒 /+. into the equation!
Homework problem Q2.1: Plug in that guess, and show that the Schrödinger equation
can only be satisfied (the 𝑥 " Ψ8 gets canceled) if 𝑎 =
ℏ

ℏ

√#;
"ℏ

, in which case the equation

F Ψ9 = ]𝑘/𝑚 Ψ9 , or the energy is E0= ]𝑘/𝑚.
becomes 𝐻
"
"
You might remember from your physics class (if not, I’m telling you!) that the
!
frequency of a spring is related to the force constant and mass by 𝜈 = "% ]𝑘/𝑚: the
bigger the force constant, the higher the frequency, the bigger the mass, the lower the
frequency. Therefore
E9 =

9

2<
"

The energy of our vibrating molecule is proportional to the frequency of the spring. I’m
using the subscript “0” for the “0th” energy level; of course we could number starting
at 1, not 0. What does the wavefunction Ψ9 look like? See the figure below.

Figure: Left: potential energy of the vibrating molecule, with the lowest energy two wavefunctions, and
a higher energy wavefunction, plotted. The “ground state” is a gaussian, and the energy is E0=hn/2.
Right: the molecule can’t just have any energy, like in Newtonian classical mechanics. The difference
in energy between the ‘ground’ and ‘first excited’ state is DE=hn , and the molecule could be energized
to the 1st excited state by absorbing a photon of energy E=hn.

Are there more states the vibrating molecule can be in, more energies. The answer is
"
yes, gaussians multiplied by polynomials, such as Ψ! = 𝐶𝑥𝑒 /+. also solve the
Schrödinger equation for the vibrating molecule.
Homework problem Q2.2: Plug that guess into the Schrödinger equation with 𝑎 =
√#;
"ℏ

and show that it also satisfies the equation, this time with a higher energy E1=3hn/2.

Indeed, there are many more solutions that correspond to waves that wiggle more and
more as the energy goes up to
!

E8 = ℎ𝜈(𝑛 + ").
However, these are the only solutions. That’s very different from classical mechanics:
there a spring can have any energy. If I tug it just slightly more, the spring vibrates just
a little more and has a little bit higher energy. In quantum mechanics, the energy can
only have certain values, given by the ‘quantum number’ n=0,1,2,3. (Note: we could
have started numbering at 1 and made our formula E8 = ℎ𝜈(n-1/2) of course!)
Thought experiment: What does it mean that the wavefunction has more and more
wiggles at higher energy? More wiggles means more curvature; more curvature means
bigger second derivative ∂2Y/∂x2; and what conjugate variable is proportional to ∂/∂x?
So, one of the most important consequences of quantum mechanics is that molecules
can have only specific energy levels, not just any energy. As shown in the figure above
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on the right, that means molecules can only absorb very specific amounts of energy.
for the harmonic oscillator the amount absorbed (difference between two energy levels)
is
DE=hn.

This is the famous Planck law, derived here specifically for a harmonic oscillator, but
relates the frequency and energy of a photon (a quantum of light that is absorbed and
matches the energy difference of the molecule). This is again very different from
classical electromagnetism, which predicts that as your toaster oven heat is turned up,
it will emit at all wavelengths, just shift towards bluer wavelengths as the heat goes up;
we call that ‘black body radiation.’ In real life, the frequencies are not continuously
distributed, but there are many vibrating atoms in the heating element of your toaster
oven that all have slightly different frequencies, so it looks continuous.
So, here’s how quantum mechanics then lets us tell the force constant: we can take
an infrared spectrum of the molecule (here HCl), and see at what frequency it absorbs
light (8.65.1013 Hz or 2886 cycles per cm-1 if we use nl=c from our physics 102 class
2
to relate wavelength and frequency). But ∆𝐸 = ℎ𝜈 = "% ]𝑘/𝑚 and m for hydrogen is
1.66.10-27 kg, yielding
"%∆= "

>

𝑘 = 𝑚 m 2 n = 490 #.
So the spring constant of an HCl molecule is 490 Newtons per meter. Compare that to
a nitrogen molecule at 2300 N/m, the H-Cl bond is much weaker than the N≡N bond.
We can measure this without pulling on HCl molecules, simply by filling a cell with
some HCl fumes and sticking it into an infrared absorption spectrometer. Classical
mechanics says that HCl would absorb at all frequencies, so one could not determine
its force constant. Note that the accurate answer above would be 480 N/m if we took
into account the mass of chlorine as well, not just the hydrogen atom.
The key message is that in quantum mechanics, molecules have energy levels that
can be counted with quantum numbers, and result in very specific energy differences,
and hence frequencies, at which light is absorbed and emitted. By the way, Joseph von
Fraunhofer, a German lens manufacturer in the early 19th century, noticed that sunlight
has sharp lines in it, not the continuum predicted by classical physics. So really, if we
had paid closer attention to these ‘unexplainable’ experimental results, we could have
gotten quantum mechanics figured out 100 years earlier!
Thought experiment: Given the dependence of energy on frequency, and frequency
on mass, what happens to the spacing of energy levels for heavier atoms vs. lighter
atoms? Do you expect the energy level spacing for electrons to be smaller or larger than
for nuclei?
There are two more non-classical things worth pointing out in the figure on the
previous page that show up universally in the ‘quantum world’ that we actually live in:
1) E0=hn/2 is the lowest energy the spring can have, not E=0. In classical mechanics,
there is no reason why the spring could just be in the equilibrium position (x=0, neither
stretched nor compressed). In quantum mechanics, the spring cannot stop jiggling (so
E>0), as you can also see from the wavefunction: the Gaussian function indicates that
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the molecule can be found at a variety of positions x, not just at x=0, even when the
molecule is at its lowest energy, known as the zero-point energy.
Homework problem Q2.3: The square displacement of the vibrating molecule from
equilibrium is x2 because the extension xe=0 for a spring at rest. Similarly, the square
deviation of momentum from the average value is p2 because p on average is zero (the
molecule vibrates ‘back’ and ‘forth’, switching from +p to -p). Use postulate 3, 𝑦p =
∫ 𝑑𝑥 Ψ ∗ (𝑥) 𝑦(𝑥) Ψ(𝑥) to calculate the averages of the square displacements, Dx2 and
Dp2, for the ground state of the vibrating molecule, Ψ9 = m

√;#
%ℏ

!/5

n

𝑒/

√&' "
.
"ℏ

. I added

the normalization factor out in front of Ψ9 such that ∫ 𝑑𝑥|𝛹9 (𝑥)|" =∫ 𝑑𝑥𝑃(𝑥) = 1.
Multiply Dx2.Dp2 together and take the square root - what do you get? You just proved
Fourier’s principle, known in quantum mechanics also as the “Heisenberg uncertainty
principle.” This is incorrect English; there is no ‘uncertainty,’ the variables x and p are
conjugate, so they can’t be known simultaneously; just like there’s nothing wrong with
your ears if you can’t hear the exact pitch of a snare drum beat - it has no exact pitch.
2) The Gaussian has ‘wings’ where V(x)>E. But since E is equal to kinetic energy +
potential energy or E=K+V, this means K must be negative! So in quantum mechanics,
particles can have negative kinetic energy, implying an imaginary momentum (since
(ip)2=-p2). This effect is known as ‘quantum tunneling’: particles can penetrate into
regions that are ‘classically forbidden’ because a particle does not have enough energy
to get there using classical mechanics. It turns out the average kinetic energy
"
"
u (𝑡) =∫dxΨ ∗ (x,t) /ℏ & " Ψ(x,t) is always positive, so ‘on average,’ it’s business as
𝐾
"# &.

usual in quantum mechanics. We will see more about this tunneling in later chapters.
Homework problem Q2.4:
2<
a. Given the energy E9 = " , at what values of xmax=-xmin in Å is E0=V(x)=kx2/2 for
HCl?
b. Let’s calculate the probability of being in the “forbidden region” where kinetic
energy is negative. To make things simple, let’s assume xmax=1, in which case the
"
ground state wavefunction becomes the Gaussian Ψ(𝑥) = (𝜋)/!/5 𝑒 /. /" . Calculate
the probability that the molecule will be in the “classically forbidden region” either at
x>xmax or x<xmin. Tip: to save yourself a lot of hassles, you can go to a site like
https://www.integral-calculator.com, enter the function (e.g. 1/sqrt(Pi) is (𝜋)/!/" , and
"
exp(-x^2) is 𝑒 /. ) and the integration limits (e.g. x=1 for the lower limit, ∞ for the
upper limit). Remember: you need to integrate P(x) =| Ψ(x)|2 , not the wavefunction
itself!
c. Also verify that if you just integrate from -∞ to ∞, i.e. over all values of x, the
probability is 1: you have to find the particle somewhere. That’s the reason a “(𝜋)/!/5 "
is hanging out in front of the Gaussian: the wavefunction is normalized so the integrated
probability adds up to 100% or 1.
Thought experiment: can a real vibrating molecule really have a potential energy
that’s V(x)=kx2/2 for all values of r-re=x? Think about the argon atom potential energy
in Chapter 1.
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Chapter 3. Other models interesting for chemistry
We worked in some detail through the quantum mechanics of a vibrating molecule in
the previous chapter. The key messages are: while classically, energy can take on any
value, quantum mechanically, there are discrete energy levels. This is enormously
useful for remote sensing, whether it’s identifying an element by emission
spectroscopy, checking for sugar levels in a blood sample, or searching for signatures
of extraterrestrial life: every substance has a fingerprint of what energy (and therefore
what frequency of light, given by DE=hn.) it can absorb.
There is an infinite variety of molecules and materials whose properties one can
calculate using quantum mechanics to understand experimental data better. Here we’ll
work through two more of them, although we won’t do the math in as much detail.

Figure: We can ‘cut’ benzene and think of it as a ~7 Å long ‘box’ for the 6 aromatic p electrons. Retinal,
and organic molecule embedded in the protein opsin in your eyes isomerizes when it absorbs a photon
to go to the excited state. The resulting conformational change in the opsin is transduced into a nerve
impulse to the visual cortex of your brain. Retinal is about 12 conjugated carbon and oxygen atoms,
more than twice the length as the ‘benzene box.’

Science question: Can we predict whether benzene is transparent or colored?
1. The box. To answer this question, let’s make a rough model of p electrons in
benzene: The p electrons can jump from their lowest energy level to a higher one when
the right frequency of light hits the molecule, and the question is whether this light is
in the visible range (colored), or in the IR/UV ranges (invisible). Because the single
and double bonds in benzene are conjugated (i.e. electrons move fairly freely across
single and double bonds, as one can also show using QM), let’s approximate the
molecule just as a box the size of the molecule, as indicated in the Figure. What are its
energy levels? If the molecule has the shape of a box, then the potential energy is
constant (we may set it to 0) inside the box, and ∞ outside. So the Schrödinger equation
in this case is really simple,
/ℏ" & "

N "# &. " + 0O Ψ8 = 𝐸8 Ψ8 .
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This says: Ψ8 must have a second derivative equal to minus Ψ8 . You probably
remember that ∂/∂x sin(ax)=acos(ax), ∂/∂x acos(ax) = -a2sin(ax), so ∂2/∂x2 sin(ax)= a2sin(ax) is the function we are looking for.
As we saw in the last Chapter, quantum mechanics is weird because the
wavefunction Ψ still is not equal to zero even when V(x) is higher than the total energy
(tunneling into the ‘classically forbidden’ region)! But still, Ψ drops off fast, and when
V(x) →∞, then Ψ must be zero. Looking at Ψ = sin(ax) and our picture of the box,
Ψ=0 at x=0 (good) and Ψ=sin(aL) at x=L, but it needs to be zero. Well, this happens
when a=np/L, where n is any positive integer. (Negative integers just repeat the same
function again, with a minus sign out front; this makes no difference in the probability,
since it is given by the magnitude squared of the wavefunction). So Ψ=sin(npx/L)
between x=0 and L, and Ψ=0 outside the box solves the equation, and makes sure there
is no probability our electrons will be found outside the box at ∞ energy. Plugging into
the Schrödinger equation and taking the second derivative,
/ℏ" & "

8%.

sin m
"# &. "
and thus the energy levels are

@

2" 8"

n = A#@" sin m

8%.
@

2" 8"

n = A#@" = 𝐸8 Ψ8 ,

2" 8"

𝐸8 = A#@" .
Now, according to postulate 4 we can’t have two electrons in the same state, so if
an electron occupies the n=1 state with spin down, and the next occupies the n=1 state
with spin up, the third has to go into n=2, and so on. We get the energy level diagram
shown below:

Figure: The left shows the lowest three energy levels and wavefunctions for a box-shaped potential, the
right for a spring. Remember we could have started counting of the harmonic oscillator levels at n=1
also, but traditionally people like to start at “1” for the box and “0” for the spring.

Notice how generically similar the wavefunctions for the corresponding energy
levels are for box and spring! This is always going to happen: as we go up in energy,
&"

we increase kinetic energy, and since conjugate variable p2→ −ℏ" &. " is the second
derivative (curvature) of Ψ, the wavefunction wiggles more the higher the energy goes.
The state without nodes (the lowest energy state) is often called “s”, the next higher
one (with one node) “p”, and the next higher (two nodes) “d”. The higher the kinetic
energy, the more wiggles, the more nodes the wavefunction has.
Now to answer our question: after we fill in six p electrons for benzene in the box
delocalized over the whole molecule, if one of the uppermost two electrons absorbs
energy, it will just go from n=3 to 4. So we can calculate the frequency as
𝜈=

∆=
2

!

2 " 5"

2 " B"

= 2 NA#@" − A#@" O≈1.3.1015 Hz,
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where we used L≈7.10-10 m (7 Å = 5 x1.4 Å conjugated bond length) for the box length
and m≈9.1.10-31 kg for the electron’s mass. By musical standards, this is one high pitch,
but for photons (light energy), using 𝜈𝜆 = 𝑐 and 2.99792458.108 m/s for the speed of
light, we get l≈231 nm. If you go to a color-wavelength table online such as the one
shown below

Figure: Spectrum and wavelenghts on the left, exciting th n=3 electron to n=4 on the right.

you see that 231 nm is way in the UV range, so benzene will be transparent to human
eyes.
By the way, the accurate quantum-mechanical answer is 270 nm, but still in the UV.
The accurate result can be obtained by solving the full multi-electron Schrödinger
equation for all 42 electrons in benzene. Of course this has been done by researchers
who use computers to solve the equation, and they get an answer that matches up almost
exactly with experiment. Still, it’s pretty amazing how even a crude ballpark
calculation gives a useful result.
Thought experiment: Why don’t we fill benzene’s s electrons into the full length
‘box’, only the p electrons? Where do you think s electron absorption would roughly
lie?
Homework problem Q3.1: The meaning of “visible”: Retinal,
the pigment in human eyes, has 12 conjugated oxygen and
carbon atoms. What is its color? [Hint: first, use the same ‘box’
formula as shown above, but fill in 12 electrons up to n=6, so
the HOMO to LUMO transition goes from orbital #6 to orbital
#7, and use the “L” for retinal, about twice as long as benzene].
Remember, the color of a substance is complementary to the
wavelength it absorbs, e.g. something that absorbs violet/blue
light will look orange.
2. The simplest atom. Next, let’s look at the hydrogen atom. In that case, the electron
can move in three dimensions. If you solve the Schrödinger equation (now a DEQ with
3 variables x, y, and z, or in polar coordinates, r, q and j), you again get discrete energy
levels, and because you have three coordinates, you now get three quantum numbers n,
l and ml, and correspondingly more wavefunctions: there is more room in 3-D for
electrons to avoid the Pauli exclusion principle! n does the same as we saw above: as
n increases, there is more kinetic (and potential) energy, and the wavefunction wiggles
more. You won’t be surprised that the n=1 ‘ground state’ wavefunction looks similar
to the ground state wavefunctions of the electron in a box, or the vibrating molecule:
just half a wiggle (up and back down) gives the lowest kinetic energy.
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Figure: In a hydrogen atom, the electron is held to the proton by a Coulomb potential energy V(r)=e2/(4pe0r). The equation 1/r is the shape of a hyperbola, hence the “funnel” shape of the potential energy
in the plot above, along the x-axis. Like the vibrating molecule, the electron in the H atom has a “zero
point energy”: this is the minimal energy such that DxDpx=h/4p, DyDpy=h/4p, and DzDpz=h/4p because
x and px etc. are conjugate variables. The “R01“ ground state wavefunction is often called the “s orbital.”
The energies of hydrogen atom states (the ‘eigenvalues of the Schrödinger equation) are proportional to
-1/n2, where n is called the ‘main quantum number.’

l and ml take into account a new motion for the electron not possible before in 1-D:
rotating around! The bigger l, the faster the electrons rotate around the nucleus
(classically speaking), and ml tells us about the orientation of the rotation axis. Let’s
take a look at one of these wavefunctions,
Ψ8C",*C!,#) C! = 𝑅"! (𝑟)𝑌!! (𝜃, 𝜑)~𝑟𝑒 /E/"+# sin (𝜃)(𝑐𝑜𝑠𝜑 + 𝑖𝑠𝑖𝑛𝜑)
The value of a0, known as the Bohr radius, is obtained by solving the Schrödinger
equation,
𝑎9 =

5%6# ℏ"
#$ 4 "

≈ 0.529 Å.

Does this look vaguely familiar? Look back at the start of Chapter 2, where we
estimated the ballpark size of an atom molecule using the postulates of quantum
mechanics. Same formula, except when you solve the Schrödinger equation exactly for
the H atom instead of guesstimating like we did, you get a factor of 4 instead of 1/2 in
the equation. Still, our simple guesstimate based on the Heisenberg principle was close!
Back to the wavefunction: the “r” part is plotted below

so the probability of finding the electron at the nucleus is zero, and goes through a
maximum. The “𝜃" part is zero when 𝜃 = 0 (along the z axis) and largest in the x-y
plane. And when you calculate |Ψ|" = Ψ ∗ Ψ, the 𝜑 part goes away because 𝑐𝑜𝑠𝜑 +
𝑖𝑠𝑖𝑛𝜑 = 𝑒 $F and |𝑒 $F |" = 𝑒 /$F 𝑒 $F = 𝑒 9 = 1. So, a function that is maximum at some
value of r, is big near the x-y plane, and does not depend on the angle in the x-y plane:
it’s a donut! The picture shows an energy level diagram of all the discrete levels in the
hydrogen atom, and labels the Ψ8C",*C!,#) C! = 𝑅"! 𝑌!! function among others. If we
split that function into its cos𝜑 and sin𝜑 parts, the two resulting functions look like
dumbbells - we know them as the px and py orbitals. The physical interpretation is that
the 𝑅"! (𝑟)𝑌!! (𝜃, 𝜑) function corresponds to an electron circulating counterclockwise
around the proton in the x-y plane. There’s a similar donut 𝑅"! (𝑟)𝑌!,/! (𝜃, 𝜑) where
the electron circulates clockwise around the nucleus. And if we combine the two
functions to get the cos and sin parts separately, then the electron simultaneously
circulates clockwise and counterclockwise around the nucleus.
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This is an example of a ‘Schrödinger’s cat’ state: you’ve heard of the famous cat
that is simultaneously dead and alive. An electron that simultaneously circles around
the nucleus clockwise AND counterclockwise is equally weird, and such a thing does
not exist in classical mechanics! So even our ‘beloved’ px and py orbitals are weird
quantum
objects.
In
contrast,
the
wavefunction
E/+
#
𝑅"! (𝑟)𝑌!! (𝜃, 𝜑)~𝑟𝑒
sin (𝜃)(𝑐𝑜𝑠𝜑 + 𝑖𝑠𝑖𝑛𝜑) , even though it looks more
complicated with that complex number in it, is much closer to a classical state: an
electron just going around counterclockwise.

Figure: The energy levels of the H atom obtained by solving the Schrödinger equation in three
dimensions (x, y, and z) with the Coulomb potential energy V(r)~1/r. The lowest energy level is for the
1s wavefunction, the next highest for the 2s and 2p functions, etc. that we are familiar with.

Notice something important about the above energy diagram: unlike the harmonic
oscillator of ‘vibrating molecule’ energy from the last chapter, there is a ‘highest
possible energy’ for an electron bound to a proton in hydrogen. Beyond that “ionization
potential” or “IP” in the figure, the electron just flies away from the proton and is “free.”
The reason can be seen in the figure of the Coulomb potential energy on the previous
page: eventually, V(x)~1/x levels off as x→∞, whereas V(x)~ x2 just keeps going up and
up. So a perfect spring can be stretched forever, but a H atom will dissociate if you pull
hard enough on the electron, for example if a bigger nucleus with more charge is
nearby, as in the reaction H+F→H++F-.
Finally, note that the energy differences between n=1, n=2, etc. are quite large, so
the electron can be sorted into ‘shells.’ Electrons in inner shells are very strongly bound
to nuclei and do not contribute to chemical reactivity; only the ‘outer shell’=’valence
shell’ or highest energy electrons in an atom are easily shared between atoms to make
molecules, or to participate in chemical reactions.
Homework problem Q3.2: Start with the figure at the beginning of section ”2. The
simplest atom”, showing the Coulomb potential along the x-axis and the n=1 energy
level. Draw in the n=2 energy level to scale (read the figure caption to the end!) and
sketch the profile of the Ψ8C",*C! ~𝑟𝑒 /E/+# sin (𝜃)𝑐𝑜𝑠𝜑 function, called ‘2px orbital.’
Note that unlike the 1s orbital already sketched, 2px flips sign between the positive and
negative x-axis (where 𝜑=180°) because cos(180°)=-1=-cos(0°). So the 2px orbital
wiggles more than the 1s orbital, as we would expect: it has more energy, thus more
kinetic energy, thus more momentum, and thus more curvature.
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Chapter 4. Making molecules
In the last two chapters, we saw that quantum mechanics is similar in some ways to
classical mechanics, very different in others. The electrons in a p orbital, if we take the
px+ipy combination, cruise around the nucleus, not unlike a planet circles around the
sun, although the planetary “orbit” in classical mechanics is an ellipse, whereas the
electron “orbital” in quantum mechanics is a fattened ellipse or donut because of the
Heisenberg principle, so Dx Dp > 0. Very differently, molecules can tunnel into the
“classically forbidden region” where kinetic energy is negative, they have zero point
energy whereas classical particles can be at rest with no kinetic energy, and like
Schrödinger’s cat, they can do two classically incompatible things at the same time.
All this is courtesy of postulate 1, that x and p, or E and t, are complementary
ℏ
variables. For example, DE Dt = ℏ/2 implies that Δ𝐸 = "GH for a short time can violate
energy conservation - hence the negative kinetic energy. But if the system is in a state
for a long time, then Δ𝐸 → 0 and energy is conserved. Let’s put what we learned
together to build molecules out of atoms. There will be two key new concepts in this
chapter: (1) the idea that wavefunctions for a single particle can be added or subtracted
to make new wavefunctions - we call it ‘interference’ - which will lead us to bonding
and antibonding orbitals; (2) and the idea that for multiple particles, wavefunctions of
each particle multiply together (not add!), subject of course to the Pauli Exclusion
Principle that we proved from Postulate IV. Our big question here: can classical
mechanics make molecules, or do we absolutely need quantum mechanics?
1. The simplest molecule: wavefunction sign matters. As our first molecule in
Chapter 4, let’s look at the simplest molecule: H2+. Just two protons held together by
one electron. But there is a lot we can learn about molecules in general from this simple
molecule. The Schrödinger equation for its electron, holding the nuclei at a fixed
distance R for now, is
ℏ" & "

ℏ" & "

ℏ" & "

3 4" !

*
N− "# &. " − "# &I " − "# &J " − 5%6

#

E$*

3 4" !

+
− 5%6

#

E$+

+

3* 3+ 4 " !

5%6# K

O Ψ = 𝐸Ψ.

This is quite a handful for such a simple molecule; you can imagine what it’s going to
be like for benzene with 12 nuclei and 78 electrons. From left to right, the first three
terms add up to the total kinetic energy (remember, px~∂/∂x), the next two terms are
the Coulomb attraction V(x) of the electron to nucleus 1 and 2 (for two protons,
Z1=Z2=1), and the last term is the repulsion of the two nuclei. The wavefunction
Ψ(x, y, z, s) depends on the position and spin of the electron, although there is no spin
term in our Hamiltonian above, so the spin up and spin down electrons are ‘degenerate’
(meaning in quantum parlance that they have the same energy).

Figure: 1s electron on the left or right hydrogen atom. Or the wavefunction could be multiplied by -1
and nothing changes because P=|Y|2.

18

As in Chapter 3, we will not spend a lot of time doing the math on this equation and
solving it explicitly. But there is a very important realization that people had in the
1930s-1950s that I want you to have also because it allows one to solve this equation
to a very good approximation. If Ψ solves the Schrödinger equation, so does -Ψ: after
F(−Ψ) = E(−Ψ) we can just cancel the (-) sign on each side and get the
all, in 𝐻
Schrödinger equation back. When H2+ dissociates at the lowest possible energy, we
expect it to go to H+H+ or H++H, with the hydrogen atom electron in the 1s state. The
Figure above shows the two cases, electron on the left, or on the right. But we could
have equally drawn the 1s function as negative: the probability of finding the electron
is unchanged because P=|Y|2. In addition, the electron could be in a Schrödinger’s cat
state, simultaneously on the left and on the right. Again, when the two protons are far
apart, it makes no difference if we use the + or - wavefunction: squaring the
wavefunction gives the same result. But when the nuclei are close together, the result
is different: in one case, the wavefunction cancels out between the nuclei (destructive
interference), and in the other case it adds up (constructive interference). It turns out
such addition/subtraction combinations of wavefunctions for a single particle, or ‘linear
combinations of atomic orbitals’, produce functions very close to the actual solutions
of the molecule’s Schrödinger equation.

Figure: When two quantum systems are put together, the wavefunction of a particle for the new overall
quantum system is approximately a linear combination (here: + or -, but others are possible) of the
individual wavefunctions. The actual solutions of the full Schrödinger equation look very similar to
linear combinations of the solutions of the individual Schrödinger equations. Note the analogy between
s and p orbitals in an atom, and s and s * orbitals: one has no nodes, the other has one node.

Homework problem Q4.1: Remember the formula for a 1s orbital along the x-axis:
Y1s ~ exp(-|x|/a0). To make a molecule of bond distance R, put one atom at x=R/2 and
the other at x=-R/2, similar to the Figure above. Given Ys ~ exp(-|x-R/2|/a0)+exp(|x+R/2|/a0), use a graphing program to plot the s wavefunction for a bond distance
R=0.75 Å and using the Bohr length a0=0.529 Å from the last chapter. Plot Ys* ~ exp(|x-R/2|/a0)-exp(-|x+R/2|/a0) as well. Compare to the Figure above. [Tip: |x| is the
absolute value of x].
2. Forbidden region and quantum interference: bonding and antibonding orbitals.
Thus, as we bring atoms together, the 1s wavefunctions of the electron on one or the
other proton can add up or subtract, creating a “bonding” and an “antibonding”
molecular orbital, as shown in the figure above. These two orbitals are exact solutions
to solving the H2+ Schrödinger equation on the previous page, when the two protons
are far apart, but they remain very good approximations even when the protons get near
each other.
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Figure: Lowest (s bonding) and next higher (s* antibonding) states of the electron in H2+ when the two
protons are near one another. The right hand side shows the classically forbidden regions in gray.

The antibonding orbital is higher in energy than the bonding orbital because it fails
to put the electron between the two nuclei, where the electron can be attracted to both
nuclei simultaneously. Note that bonding is a completely quantum mechanical effect;
it cannot occur in classical mechanics. As you can see from the figure above, the
bonding orbital puts the electron in the classically forbidden region where the Coulomb
potential energy V(x) is greater than the energy E0 of the lowest energy s orbital. The
antibonding orbital s* avoids that region, so it is the more ‘classical-like’ of the two
orbitals. The figure below shows the energy of the H2+ molecule in the bonding and
antibonding state as a function of nuclear separation R. For measuring directly how
molecules fall apart in femtoseconds when put in such excited states, physical chemist
Ahmed Zewail from Egypt won the Nobel Prize in 1999.

Figure: The energy of the H2+ molecule as a function of distance R between the two nuclei: at large
distance, there is no difference between bonding and antibonding orbital energies because the 1s
wavefunctions do not overlap, and squaring gives the same probability. As the nuclei get closer, the
bonding orbitals puts the electron between the nuclei, and this lowers the energy of the bonding state.
The antibonding orbital has no probability for the electron being halfway between the nuclei, and so
nuclear repulsion raises the energy of the antibonding (excited) state. Of course if you put the nuclei too
close together, even the energy of the bonding state will go up due to nuclear repulsion.

Homework problem Q4.2: Draw two p orbitals far apart and perpendicular to the
internuclear axis, keeping in mind the + and - signs of the two lobes. Now draw them
together in both ± combination - sketch what a bonding and an antibonding p orbital
looks like. Adding increases probability, subtracting decreases probability, and we
generally call this effect ‘quantum interference,’ which can be constructive (add) or
destructive (subtract).
By the way, if the hydrogen atom had been in an excited state, such as the 2p state,
we can form combinations of pA±pB or pA±sB orbitals, and all of these also are very
good approximations to excited states of the H2+ molecule when one actually solves the
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equation exactly. We call the sA±sB combinations s and s* for Greek “s” and pA±pB
combinations p (Pi) and p* (Pi*) for Greek “p”, as in the picture below.

Figure: When solving the Schrödinger equation for butadiene, the four p orbitals on the carbon atoms
can all add up ++++ (the lowest energy wavefunction or ‘orbital’ shown) or they can all subtract by
alternating +-+- (the highest energy wavefunction shown). When we fill in the 4 p electrons, the net
effect is to have more bonding between carbons 1-2 and 3-4, and less between 2-3. We discuss multielectron molecules next. The wiggly arrow indicates that an electron could be excited from the highest
occupied molecular orbital (HOMO) to the lowest unoccupied molecular orbital (the LUMO).

3. Multi-electron molecules. Pretty much all molecules have more than 1 electron and
2 nuclei in them. So we need to deal with more complex molecules. What does a
wavefunction for two or more electrons look like? Let’s look at the example of two
particles, but the idea is the same with more than two.
F! and satisfies the
Let’s say one particle has Hamiltonian (total energy operator) 𝐻
F! Ψ! (x! ) = 𝐸! Ψ! (x! ) , and the second particle similarly
Schrödinger equation 𝐻
F" Ψ" (x" ) = 𝐸" Ψ" (x" ).
satisfies 𝐻
Thought experiment: if the two particles don’t strongly interact with one another,
what do you expect their total energy to be? Thus, their total Hamiltonian?
So, we suspect the Schrödinger equation of the bigger system of both particles taken
together should look like
F Ψ = …𝐻
F! + 𝐻
F" †Ψ = (𝐸! + 𝐸" )Ψ
𝐻
because energy is an additive quantity. But what about 𝛹?
In-class exercise: Try out Ψ(𝑥! , 𝑥" ) = Ψ! (𝑥! )Ψ" (𝑥" ). Can Ψ! (𝑥! ) + Ψ" (𝑥" ) make
the energies add up?
The key idea, realized by Hartree in the 1930s, is that when you have several particles,
their wavefunctions multiply together to make the total wavefunction of all the
particles. This is very convenient because when we deal with a bigger molecule than
H2+, say, H2, we can take the H2+ solutions and multiply them together for each extra
electron to make the multi-electron wavefunction. Except, something went wrong.
When Hartree used a wavefunction like ΨH2 molecule=s(x1,ms=+1/2).s(x2,ms=-1/2) to
put a pair of electrons in the lowest energy state allowed by Postulate 4 (we proved that
two electrons cannot be in exactly the same state, or Ψ=0), he found that the energy
was much higher than the measured energy. He did not realize that by Postulate IV,
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Ψ(x1,x2) = -Ψ(x2,x1), the wavefunction must be antisymmetric under exchange of two
electrons. Clearly his wavefunction is not.
Fock came to the rescue by realizing that there is an easy way to automatically make
wavefunctions antisymmetric under particle exchange, simply by swapping particles
and adding that on with a minus sign. So
!
ΨHartree-Fock=√" {s(x1,ms=+1/2).s(x2,ms=-1/2) -s(x2,ms=+1/2).s(x1,ms=-1/2)},
where the root 2 out in front maintains the normalization of the wavefunction, so the
total probability still integrates out to 1 or 100% chance of finding the electrons
somewhere.
Homework problem Q4.3: Writing the wavefunction as (s1+ s2- - s2+ s1-)/√2 in shorthand, show that indeed switching the particles #1 and #2 gives you the negative of the
function, satisfying Postulate 4.
For those of you who know determinants, a shorthand for writing such antisymmetric
products is to write
σ!L σ!/
Ψ = ˆσ
ˆ,
"L σ"/
where again the “1” and “2” numbers the two electrons, and the +/- indicates spin up
or spin down. We call such wavefunctions “determinantal wavefunctions,” and these
are the wavefunctions use by the professional “quantum mechanics” in their computer
programs to calculate the energies of molecules and chemical reactions by solving the
Schrödinger equation numerically.
An important thing to realize is that in polyatomic, multi-electron molecules, not all
the electron interactions are attractive, like they were in H2+. In addition to the electronnucleus attractive potential energy terms such as
−

3* 4 " !
5%6# E$*

,

we now also have electron-electron repulsive terms such as
+

𝑒" 1
4𝜋𝜖9 𝑟!"

between electrons “1” and “2”. It is these terms that produce the ‘shielding’ you learned
about in freshman chemistry, as in ‘inner electrons shield valence electrons from
nuclear charge,’ producing more electropositive elements (outer electrons very
shielded) and more electronegative elements (outer electrons less shielded). All of these
terms are included in accurate solutions of the Schrödinger equation using modern
computer software.
In-class demo: Using such a package, available for free for you to use at
http://iqmol.org, let’s look at the orbitals of the H2 molecule and the benzene molecule
to see what the wavefunctions really look like.
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Chapter 5. Potential surfaces: Spectroscopy and chemical reactions
We have gotten to our last chapter on QM! The two big messages from the previous
chapter are: Bonding exists in molecules only because quantum mechanics allows
electrons to tunnel into the “non-classical” region between the nuclei; we get the
wavefunction for one electron in a bond between atoms by adding/subtracting the
atomic orbitals to make a bonding and an antibonding orbital of the molecule. And if
we have more than one electron in a molecule, the multielectron wavefunction is
obtained by multiplying together the orbitals of different electrons, and making sure
the resulting function is antisymmetric when a pair of electrons is swapped.
The other thing we saw illustrated in the previous chapter is that when bond
distances R in a molecule change and you solve the Schrödinger equation for the
F Ψ(𝒙) = 𝐸(𝑅) Ψ(𝐱), the energy depends on the bond distance R and goes
electrons 𝐻
up or down.† There is an optimum set of bond distances (and angles) such that nuclear
repulsion and Pauli exclusion are not too strong, but the atoms are close enough so
electrons can be attracted by more than one nucleus, lowering the total energy. This is
the “equilibrium geometry” of the molecule, and the atoms vibrate around that
equilibrium as discussed in chapter 2. They always vibrate at least a little, even at 0
degrees Kelvin, to satisfy the Heisenberg principle.
1. Our science question: can we use spectroscopy to detect alien life? When one
calculates energies as a function of coordinate accurately using the Schrödinger
equation, a variety of functions can be used to approximate the energy as a function of
distance, but they almost always boil down to two generic functions: the energy
increases with coordinate and levels off (e.g. a bond dissociation), or a double well,
where the energy increases for a while, but then drops again (an atom migrates from
one bond to another). Let’s start with the dissociation.
The potential energy E(R) ‘felt’ by the nuclei is the net electronic energy due to
attraction of electrons to the nuclei, and repulsion of electrons from one another. During
bond dissociation E(R) increases as the bond is stretched because electrons have a
higher probability of being found near the nuclei rather than in-between, where they
are simultaneously attracted to both nuclei. Eventually, if the nuclei are far enough
apart, the atoms no longer interact and the electronic energy levels off. We call that the
‘dissociation energy’ of the bond.
Different electron configurations have different energies as we saw in the previous
chapter: for example, the σ" = σ!L σ!/ electron configuration of the H2 molecule, when
both electrons are in the bonding orbital, one with spin up (+), the other with spin down
(-), is lower in energy than the σσ∗ = σ!L σ∗!
L excited state configuration, where one
electron is in the bonding orbital, and the other has been excited to the antibonding

†

Don’t confuse r and R here! The electron’s coordinates are given by the vector x=(x, y, z) or in polar
coordinates r, q, j, and their conjugate momenta px~∂/∂x etc. show up in the Hamiltonian. The
internuclear distance is held fixed at R when we solve the Schrödinger equation, but we do get a different
electronic energy E(R) for every value of R. To be 100% accurate, we should also add in the nuclear
momenta to the kinetic energy, but as we saw in Chapter 2, the lighter a particle, the bigger its energy
level difference; electrons are much lighter than nuclei, so we neglect the small nuclear part of the kinetic
energy here, known as the ‘Born-Oppenheimer’ approximation.
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orbital (both with spin (+) up in this example). The figure shows two such electronic
states: the ground state “0” and the excited state “i”.

Figure: Two electronic states with different energies E(R) because the electrons occupy different orbitals.
The lower energy surface is the “ground sate,” the higher one of many possible “excited states.”
Vibrational energy levels within the ‘parabolas’ of the two electronic states are shown in blue, and
rotational energy levels within each vibrational state are shown in purple.

Homework Problem Q5.1: In the above figure, a molecule absorbs l=480 nm light
and goes from the ground electronic state and ground vibrational state (n=0) to the
excited electronic state, also no vibrational excitation (n=0 again). When the molecule
emits light, the wavelength instead is 520 nm because it went to the n=1 vibrational
state in the ground electronic state. What is the vibrational frequency in cm-1? We call
the 40 nm red-shift in wavelength the ‘Raman shift.’
Note that the bottom of each potential surface in the figure looks like a parabola
V(x)=kx2/2 from Chapter 2, and supports vibrational energy levels with energies
approximately equal to Evib=hn(n+1/2) (here n is the vibrational quantum number, not
the electronic quantum number; the same symbol “n” often gets used - only so many
letters in the alphabet). I say ‘approximately equal’ because at higher electronic energy,
the potential surface dissociates and does not look like a parabola.
Finally, although we never discussed it in detail, molecules can also rotate. By now
you won’t be surprised that there are also energy levels associated with that (shown in
purple in the Figure).
It is possible for a photon of light to be absorbed by any of these energy levels to go
to another one, as long as the molecule changes its dipole moment during the transition.
The latter is necessary because light is coupled to a molecule via its electric field 𝐸•⃗ and
the molecule’s dipole moment 𝜇⃗ , i.e. the term in the Hamiltonian for photons
interacting with a molecule is
Vmolecule-light= −𝜇⃗ ∙ 𝐸•⃗,
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just like there is a term for two electrons in the molecule interacting,
4"

Velectron repulsion = + 5%6

!
# E,"

.

We saw a few chapters ago that the heavier the mass being moved, the closer the
spacing of energy levels. This is why electronic states are quite far apart in energy,
corresponding the visible or UV light by the Planck law DE=hn that we derived in
Chapter 2. Nuclei are much heavier than electrons, and their vibrational states are
separated by much less energy, corresponding to infrared (IR) light. For example, the
dull red glow of the heating bar in a toaster oven is the high energy end of light emitted
by atoms vibrating in the heating bar. Finally, rotating a whole molecule is rotating
many nuclei at once, and this has the smallest energy level spacing, corresponding to
microwave light. For example, your microwave oven heats water by increasing the
rotational energy of water molecules in the liquid; in a gas, these rotations are
completely unhindered, whereas in a liquid, molecules bump into one another while
rotating, so the rotational motion looks more like a jiggling back and forth than
spinning.
Thought experiment: What kind of rotational motion in a liquid would allow a
water molecule to partially break its hydrogen bonds, but then remake identical new
ones?
The key concept to take away here is that molecules have many energy levels
depending on the exact mass and arrangement of all atoms, so each molecule has a
unique electromagnetic spectrum. This makes ‘spectroscopy’ such a versatile tool to
study molecules. For example, when we discover life on exoplanets, it will not be
because we flew there in a spacecraft (too far, slow, and expensive), but because we
detected light that tells us the planet’s surface contains molecules associated with life
for which there is no known abiogenic mechanism of formation. Since the 1990 our
ability to image exoplanets has gone from barely detecting them to now being able to
resolve their surfaces a little bit! The combination of spectroscopy originally developed
by physical chemists (Gerhard Herzberg won the Nobel Prize for it in 1971), and
imaging developed by astronomers (Friedrich Herschel discovered the first telescopic
planet, Uranus, in 1780 and it was assigned as such by Lexell and Bode) is almost sure
to discover evidence of extraterrestrial life in the next 20 years.
Homework problem Q5.2: If I wanted to resolve a ‘continent’ from an ‘ocean’ on an
Earth-size planet 10 light years away to spectroscopically distinguish silicates from
water, what fraction of a degree angle would I need to be able to resolve?
2. The double well and Schrödinger’s cat. Now let’s look at the other potential energy
surface E(R) that one tends to get from solving the Schrödinger equation for multielectron systems: the double well. We’ll consider two regimes: a low barrier, and a
high barrier.
The figure above shows a double well potential for ammonia: the molecule is
pyramidal in shape, with an unbonded ‘lone’ pair of electrons sticking up from the
nitrogen. If we ‘flip’ it to the other side, the energy goes through a maximum when the
molecule is flat, and then back to the same minimum energy when it is bent ‘heads over
tails.’ Note that ammonia is almost flat anyway, the barrier is only 1.5.10-18 Joules per
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molecule, or 24 kJ/mole. That’s only about 10x the energy of room-temperature
vibration, about 2.5 kJ/mole. The ‘inversion’ or ‘umbrella motion’ of ammonia was
detected by spectroscopy in 1934, at a frequency of 30 GHz or 30 billion inversions
per second, but what does that really mean?

Figure: A double well potential energy as a function of angle in ammonia, showing the two lowest
wavefunctions and their energy levels. Ammonia is a ‘Schrödinger’s cat’ molecule.

Looking at the figure, it means the energy difference between the lowest and first
excited bending energy levels, shown by the dashed lines on the left, is DE = hn =
6.62.10-34 Js . 30.109 Hz ≈ 2.10-23 J. But how about the wavefunctions? Well, it’s
business as usual: the lowest state’s wavefunction Y0 never changes sign, the first
excited state Y1 has one node (higher curvature/momentum/kinetic energy), as we have
seen many times. But notice that both states have a high probability in each of the two
minima simultaneously. When ammonia is in its ground state, its hydrogens are
simultaneously pointing up and down. Thus ammonia at low temperature is really in a
Schrödinger’s cat state, up and down all at the same time. Our classical picture of a
well-defined structure simply does not exist. This weird effect has been verified by
experiments that create a quantum state sum of Y0 +Y1, showing that ammonia can
tunnel from ‘up’ to ‘down’ even though its energy is below the barrier top, something
forbidden in classical mechanics. Quantum states such as Y0 +Y1 can be used to make
computers that allow both “0”and “1” to exist in a bit of information at the same time.
We call such bits ‘qubits’ and such computers ‘quantum computers.’ Quantum
computers could end up being orders of magnitude faster than ordinary computers
because they can do mutually exclusive operations simultaneously, so it may turn out
that such quantum tunneling, discovered in the 1930s, will change how we compute in
the 21st century. It’s a good example of how scientific discoveries, whether Uranus in
1780s or ammonia superposition states in the 1930s, can have unexpected
consequences long after the original discovery.
Homework problem Q5.3: Sketch what the functions Y0 +Y1 and Y0 -Y1 based on
the above figure look like. If the splitting is DE=2.10-23 J, use the uncertainty principle
to estimate how long the time Dt is for ammonia to ‘tunnel’ from one side of the
potential energy barrier to the other.
Thought experiment: What do you think will happen to the tunneling time when the
particle gets heavier, e.g. I substitute deuterium for hydrogen? You won’t see a cat
tunnel between live and dead because interactions with the environment localize states
like Y0 +Y1 of massive objects very quickly to one side or the other through phenomena
called ‘decoherence’ and ‘many-body localization,’ before tunneling happens.
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Figure: When 1,4-hexadiene is heated, it breaks a pi-bond and remakes it as a sigma bond between two
different carbon atoms. In the process, when each bond is half-made/half-broken, the electronic energy
has a barrier. The yield is 100% ‘trans’ methyl groups because to make a bond, the two p-type
wavefunctions of the electrons in the highest occupied orbital must line up +/+ (or -/-), but not +/- (that
would be antibonding).

How reactions go across barriers. Finally, let’s consider the case of a high barrier, say
100+ kJ/mole, which is very common in chemical reactions. The figure shows a double
bond in hexadiene being broken, to make a new sigma bond between the 2nd and 5th
carbon atoms. Experiments show that this reaction, by heating makes nearly 100% trans
dimethyl cyclobutene, and the figure explains the simple quantum reason: the highest
molecular orbital, filled with the pi electrons making the two double bonds, has to
counter-rotate to make the p orbitals line up so they can add instead of cancel. So
avoidance of destructive quantum interference to remain in a low energy state is the
reason the reaction goes the way it does.
Incidentally, it could have gone very differently if you had used light to excite the
molecule from the ground to the first excited electronic state, by moving one electron
from the HOMO to the LUMO (see Chapter 4). Now the constructive quantum
interference occurs when both methyl groups rotate to the same side, so the product is
almost 100% ‘cis’.

Figure: The same reaction, but moving along on the excited electronic state potential energy surface.
Now the reacting electron is in a state where the ‘phase’, or sign, of the outer p orbitals is the opposite
as in the ground state of the molecule. Note: in hexatriene, only 4 of the 6 carbon atoms are pi-bonded.
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You might imagine that by taking bonding/antibonding combinations, that is,
quantum interference, into account, we could make up a bunch of simple rules of how
such reactions might go. And indeed, the physical chemist Kenichi Fukui developed
such rules about ‘HOMOs’ and ‘LUMOs’ in the 1950s, and was the first Asian scientist
to win a chemistry Nobel Prize. His model was picked up later by Woodward and
Hoffman, who co-shared the prize by applying the idea to cyclic reactions like the ones
shown above.
Thought experiment: Since I mentioned tunneling a lot earlier, how come we add heat
or light to reactions to make them go over the barrier, instead of just letting them tunnel
to the other side and save all that energy?
Homework problem Q5.4: What would happen to the above reaction, if I had added
two more carbons to the hexadiene, making it octatriene? To show what happens with
heat vs. light, draw six energy levels (6 p orbitals for the 6 pi-bonded carbon atoms),
fill with electrons and sketch what happens when the p orbitals at the ends twist ‘con‘ vs. ‘dis’ rotatory.
This concludes our brief tour of quantum mechanics. Of course, there are ‘gazillion’
details we did not discuss, and this remain a very rich field of research as chemists
move on to ever more complex molecules and materials than the simple examples I
used here. However, we did cover pretty much all the known basic concepts that show
up again and again, such as quantum interference (bonding/antibonding), multielectron wavefunctions (products), or deriving (at least for a specific example) Planck’s
law DE=hn and the Heisenberg Principle Dx Dp = ℏ /2. These equations can be derived
in much more general terms, but the same Postulates are still the origin of all the results
in quantum chemistry.
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